Abstract. We give examples of aspherical symplectic 4-manifolds, which are formal in the sense of rational homotopy theory but have degenerate Lefschetz pairings.
(preliminary version)
Compact Kähler manifolds have a number of topological properties which are not shared by general symplectic manifolds, see [1] for example. In particular, Kähler manifolds have the following cohomological properties:
1. they have even Betti numbers in odd degree, 2. the hard Lefschetz property, and 3. formal cohomology algebras, implying in particular the vanishing of all the Massey products. It is natural to wonder to what extent these properties are dependent on each other when some do hold on a symplectic manifold. There is only one obvious implication, which is that the hard Lefschetz property implies the evenness of b 1 . Beyond that, little is known, according to the recent preprint [3] . In fact, the literature seems to contain no example of a compact symplectic manifold with odd first Betti number and trivial Massey products, and no (symplectically) aspherical example with even Betti numbers, trivial Massey products, but for which the hard Lefschetz property fails.
In this note we give examples for both these phenomena among aspherical symplectic 4-manifolds. Our examples are products of the circle with hyperbolic 3-manifolds which fiber over the circle. This class of manifolds also furnishes other interesting examples beyond the above discussion.
Let M 3 be any closed oriented 3-manifold which fibers over S 1 with fiber F and monodromy diffeomorphism φ : F → F . By Moser's Lemma, we may assume that φ preserves a volume form ǫ on F , so that its pullback to F × R descends to M as a closed form which is a volume form along the fibers. If α is the closed 1-form defining the fibration of M over S 1 , then
We will throughout consider X as being endowed with this fixed symplectic structure.
Lemma 1. The manifold X has the hard Lefschetz property if and only if the
Proof. The Lefschetz pairing on
We have
which we may take to be = 1. 
be a basis for a complementary subspace V symplectically orthogonal to this hyperbolic pair. Then
As the inclusion-induced map i * : H 1 (M, R) → H 1 (F, R) maps V isomorphically onto the φ * -invariant subspace, we conclude that the Lefschetz pairing on H 1 (X, R) is a direct sum of the cup product on H 1 (F, R) φ * with a hyperbolic. It follows that the Lefschetz pairing is non-degenerate if and only if
For the remainder of this paper, we assume M to be hyperbolic, equivalently φ is pseudo-Anosov.
Lemma 2. If M is hyperbolic, X is not homotopy equivalent to any compact Kähler manifold.
Proof. This is a very special case of a result of Sampson and CarlsonToledo, see [1] . If M is hyperbolic, then for any metric on X the projection from X to M can be deformed to be harmonic. If X is Kähler, the rank of such a harmonic map is at most 2, contradicting its homological properties.
In fact, π 1 (X) cannot be the fundamental group of any compact Kähler manifold. However, we have:
Lemma 3. If M is hyperbolic, X is formal. In particular, all its Massey products vanish.
Proof. As M is locally symmetric, it is itself formal, cf. [2] . The proof is simply that mapping each cohomology class to its unique harmonic representative with respect to the locally symmetric metric is a multiplicative linear map, and is therefore a weak equivalence of differential graded algebras. Now S 1 is clearly formal, and the product of any two formal spaces is again formal.
The examples in the proof of the following result answer some questions raised in [3] . Proof. We take M to be a hyperbolic 3-manifold fibering over S 1 . Then by Lemma 3 the product X = M × S 1 is formal, but is not Kähler by Lemma 2.
It is easy to find examples which satisfy the hard Lefschetz property using Lemma 1. For instance, if M is obtained from S 3 by surgery on a knot, then b 1 (M) = 1, and X has the hard Lefschetz property because the Lefschetz pairing is a hyperbolic. At the other extreme, the Torelli group of F containes pseudo-Anosov elements φ by a result of Papadopoulos [4] . The corresponding hyperbolic mapping tori have b 1 (M) = 1 + 2g(F ), and the Lefschetz pairing of the product M × S 1 is the direct sum of a hyperbolic with the cup product pairing on
Examples for which the Lefschetz property fails must also exist, because M can have even first Betti number. One can use the method below to produce concrete examples.
The only difficult case is that of an X which does not have the hard Lefschetz property, but has even first Betti number. By the above Lemmas, a product M 3 × S 1 will fall into this case if M is fibered with pseudo-Anosov monodromy φ, such that the φ * -invariant subspace of
is not a symplectic subspace, but is even-dimensional. We can use the fact that every coset of the Torelli group in the mapping class group of F contains a pseudo-Anosov element, see [4] . Thus, we can arbitrarily prescribe a symplectic linear map f with an evendimensional invariant subspace which is not a symplectic subspace, and then construct M as the mapping torus of a pseudo-Anosov diffeomorphism φ with φ * = f . Concretely, f could be the map on cohomology induced by the composition of two Dehn twists along non-separating disjoint simple closed curves on F . (This composition itself is not pseudo-Anosov, but by [4] is in the same coset of the Torelli group as some pseudo-Anosov mapping class.)
